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We study the existence and approximate controllability of a class of fractional nonlocal delay semilinear dif- 
ferential systems in a Hilbert space. The results are obtained by using semigroup theory, fractional calculus, 
and Schauder's fixed point theorem. Multi-delay controls and a fractional nonlocal condition are introduced. 
_ Furthermore, we present an appropriate set of sufficient conditions for the considered fractional nonlocal multi- 

^ 3 ' delay control system to be approximately controllable. An example to illustrate the abstract results is given. 
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J^ ' 1 Introduction 

00 , 

^D ! We are concerned with the fractional delay control system 

g : "^Dfuit) + Au{t) = F{t, Wsit)) + T4(t) (1) 

subject to the fractional nonlocal condition 

'■D;-'lu(0)-uo] = h[u{t)]. (2) 



j^ , where the unknown u{-) takes its values in a Hilbert space H with norm || • ||, ^ Df and ^D^ " 
are the Caputo and Riemann-Liouville fractional derivatives with < q < 1 and t G J = 
[0, a], respectively. Let —A be a closed linear operator defined on a dense set S that generates 
a Cq— semigroup Q(t), t > 0, of bounded operators on H, uq € S. We assume that Ws = 

{Aius^,. . . ,ApUsJ and K = {Bi^ai H + BgH^J are such that {Ai{t) : i = 1,... ,p, t & J} 

is a family of closed linear operators defined on dense sets Si, . . . ,Sp D S from H into H and 
{Bj{t) : U ^>- H, j = 1, . . . ,q, t € J} is a family of bounded linear operators. The control 
function fi belongs to the space L^{J, U), a Hilbert space of admissible control functions with U 
as a Hilbert space, 5i,aj : J ^ J' are delay arguments, i = 1, . . . , r, j = 1, . . . , s, and J' = [0, t]. 
The operators F : J x H^ — )• H and h : C{J : H) -^ H are given abstract functions. 

During the last decades, fractional differential equatioi is have attrac t the attention of 
many mathematicians, physicists and engineers — see, e.g., lAgarwal et al.l ( 2010l ). iDebbouche 
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(l2011al). iDebbouche et aD (|2012l ^. lEl-Savedl (|l996l ). iLakshmikantham and Vatsalal (|2008l l. 
Wang and Zhoul ( 201ll ). The reason is that real phenomena, such as dielectric and electrode- 
electrolyte polarization, electromagnetic waves, earthquakes, fluid dynamics, traffic, viscoelas- 
ticity an d viscoplastici t y, can be described successfuhy and more a ccurately using f r actional mod- 



els — see lKilbas et~all (|2006l ^ . iMozvrska and Tolrcsl (|20ld . l201lh . |Podlubnvl (|l999l l. lSamko et al. 



( 19931 ) - Fractional evoluti o n equa ti ons with nonlocal co n ditions have bee n studie d in many works 
— see iDebbouchd (|2010l . l2011bl ). iN'Guerekatal (|2009l l. IZhou and Jiaol (l2010al ) and references 
therein. Existence r esults to eyqlutiori equat ions w i th no nlocal conditions in a Banach space 
were first studied in iBvszewskil ( 1991aH bl). In iDengl ( 19931 ) it is shown that, using the nonlocal 
condition u(0) -|- h{u) = uq to describe, for instance, the diffusion phenomenon of a small amount 
of gas in a transparent tube, ca n give better results than using the standard local Cauchy con- 
dition u(0) = no- According to IPengj (J1993. ). function h takes the fori n h(u) = J^j^^Cku itk), 
where Ck, k = 1, . . . ,p, are given constants and < ti < ■ ■ ■ < tp < a. In lWang et alJ (|2012al ) the 
controllability of semilinear fractional differential equations with nonlocal conditions in a Banach 
space is investigated through the Monch fixed point theorem, where the semigroup generated by 
the linear part is not necessarily compact but the nonlinear term satisfies some weak compactness 
condition. The existence of mild solutions for impulsi ve fractional evolu tion Cauchy problems 
involving Caputo fractional derivatives is discussed in lWang et al.l ( 20 111 ) by means of the the- 
ory of operators semigroup and probability density functions via impulsive conditions, while the 
solvability and optimal control of a class of fract ional integrq d ifferen tial evolution systems with 
an infinite delay in Banach spaces is studied in IWang et al.l (J2012d ) : a concept for solution is 
introduced, existence and con tinuous dependence of solutions are investigated, and existence 
of optimal controls proved. In IWang et al.l ( 2012dl ) optimal feedback control laws for Lagrange 
problems subject to semilinear fractional-order systems in Banach spaces are established. 

Exa ct controllability of fracti o nal order systems has been prov ed by ma n y au - 
thors: lAriunan and Kavithal (|201ll ). IPebbouche and Baleanul (|201ll . l2012l ). iTrigdanil (|l977l ). 
Wang et al.l ( 2012bl ). The main tool is to convert the controllability question into a fixed point 
problem with the assumption that the controllability operator has an induced inverse on a 
quotient space. To prove controllability, an assumption that the semigroup (resp. resolvent oper- 
ator) associated with the linear part is compact is then often made. However, if the compactness 
condition holds on the bounded operator that maps the control function or the generated Co- 
semigroup, then the controllability oper ator is also compact and its inverse does not exist if the 



state space is infinite dimensional — see iTriggianil ( 19771 ). Thus, the concept of exact controlla- 



bility is too strong in infinite dimensional spaces and the approximate controllability notion is 
more appropriate. 

Approximate controllability of integer order systems has been proved in several works. In 
contrast, papers dealing with the approxim a.te controllability of f r actional order systems ar e 
scarce. Recently, the subject was addressed in lSakthivel et al.l ( 201ll ). ISakthivel and RenI ( 20121 ). 
while sufficient conditions for the (delay) approximate controllability of fractional order sys- 
te ms, in which the nonline a r term depends on both state a. n d con trol variables, are investigated 

Kumar and SukavanamI ( 20121 ). ISukavanam and Kuman ( 20111 ). and the case of partial neu- 



m 



tral fr actional functional differential systems with a state-dependent delay is considered in lYanI 
(J2012l ). 

Our main objective is to study the approximate controllability of semilinear fractional control 
systems, where the control function depends on multi-delay arguments and where the nonlocal 
condition is fractional. The result is obtained under the assumption that the associated linear 
system is approximately controllable. In particular, the controllability question is transformed 
to a fixed point problem for an appropriate nonlinear operator in a function space. For that 
we need to construct a suitable set of sufficient conditions. The paper is organized as follows: 
in Section [21 we present some essential definitions of fractional calculus and basic facts in the 
semigroup theory that will be used to obtain our main results. In Section [3l we state and prove 
existence and approximate controllability results for problem ([l])-(l2]). Finally, in Section [4] we 
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illustrate the new results of the paper with an example. 

2 Preliminaries 

In this section, we introduce some basic definitions, notations and lemmas, which will be used 
throughout t he work. In particular , we give necessary properties of fractional calculus (see 
Kilbas et al.l ( 2009 1 . Podlubn v fl999l) .ISainko et al. rl993| )) and sorne fund amental facts in semi- 



group theory (see Iffille and Phillipij (|l957l l. |Pazv (1983 1. JZaid^m!^ (|l979l ll 



Let (H, II • II) be a Hilbert space, C{J, H) denote the Hilbert space of continuous functions from 
J into H with the norm ||m|| j = sup{ 11^(^)11 : t € J}, and L{H) be the Hilbert space of bounded 
linear operators from H to H. Further, let E{H) be the space of all bounded linear operators 
from H to H with the norm ||G||£;(_h') = sup{||G(n)|| : ||u|| = 1}, where G G E{H) and u £ H. 
Throughout the paper, let —A be the infinitesimal generator of the Cq— semigroup Q{t), t > 0, 
of uniformly bounded linear operators on H. Clearly, M = sup^grg oo) IIQ(OII < °o- 

Definition 2.1: The fractional integral of order a > of a function / G C([0, oo)) is given by 

r/(t) := -L^ f ^(^^ ds, t > 0, 
^ ' T{a) Jo (t - sY'^ 

where T is the gamma function, provided the right-hand side is point- wise defined on [0, cxo). 

Definition 2.2: The Riemann-Liouville derivative of order a > of a function / € C([0, oo)) 
is given by 

Ljja ./^N .^ I j^ /■* /(f) ^ ^ Q 

^ ^*^ ■ r(n - a) dt" Jo {t - s)"+i-" ' ^ ' 

where n G N is such that n — 1 < a < n. 

Definition 2.3: The Caputo derivative of order a > of a function / G C([0, oo)) is given by 

'I?°/(t) := ^I?° (fit) - Y, ^/^'^(O) ) , i > 0, 



where n G N is such that n — 1 < a < n. 
Remark 1 : The following properties hold: 
(1) If /gC"([0,oo)), then 



D°/(t) = — / ' Yi ds = r-T{t), t>0, n-l<a<n. 

(2) The Caputo derivative of a constant is equal to zero. 

(3) If / is an abstract function with values in H, then the integrals which appear in Defini- 
tions [27TH2]3] are taken in Bochner's sense. 

According to previous definitions, it is suitable to rewrite the problem ([I])-© in the equivalent 
integral form 

u{t) = n(0) + :p^ / {t- sf-' [-Au{s) + F{s, Ws{s)) + V^{s)]ds. (3) 

i [a) Jo 
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Remark 2 : We note that: 

(1) For the nonlocal condition, the function n(0) is dependent on t. 

(2) The Riemann-Liouville fractional derivative of n(0) — uq is well defined and D^ ^°no ^ 0. 

(3) The function u{0) takes the form uq + vo + Y(i__a) Jq (j:_g)l ds, where n(0) — no|i=o = ^^o- 

(4) The explicit and implicit integrals given in ([3]) exist (taken in Bochner's sense). 

Definition 2.4: A state u € C{J,H) is a mild solution of ([I])-© if, for each control /x G 
LP'{J,U), it satisfies the following integral equation: 



U{t) = Sa{t) 

where 



UO + VO + 



Til -a) Jo [t-sY 



■ds 



+ / {t-sr-^T^{t-s)[F{s,Ws{s)) + V^{s)]ds, 
Jo 



Sait)= UO)Q{t''e)de, T^{t) = a eCa{e)Q{t' 

Jo Jo 



UO) 



1 

-t 

a 



'UJa{9'-) > 0, Waie) 



^ CXI 

'-Y^i-ir-H 



_iT{na + 1) 



n=l 



nl 



sm{mTa),6 € (0,oo). 



Remark 3 : In Definition 12. 4| (^^ is a probability density fu nction defined on (0, oo), t hat i s, 
CJO) > 0, e G (0,oo), and i^CJ9)de = 1 (compare with lOebbouche and El-Borail (|2009l ). 
El-Borail (l2002l ): see also IZhou and Jiad (|2010al lbh). 



The following lemma can be found in lDebbouche and El-Borail ( 20091 ). IZhou and Jiad ( 2010bl ). 
Lemma 2.5: The operators Sa{t) and Ta{t) have the following properties: 

(1) For any fixed t > 0, the operators Sa{t) and Ta{t) are linear and bounded, i.e., for any 



Ma 



u e H, ||S'Q,(t)M|| < M||m|| and \\Ta{t)u\\ < ytt^IW. 
(2) {Sa{t),t > 0} and {Ta{t),t > 0} are strongly continuous, i.e., for u G H and < ti < 
^2 < fl; one has \\Sc({t2)u — Saiti)u\\ — ?> and \\Ta{t2)u — Ta{ti)u\\ -^ as ti ^ ^2- 



2011 



I, iKumar and Sukavanam 



2OI2I ). we make use of the fol- 



Mot i vated by the recen t works of iDebbouche and Baleanul 
(|2012l ). ISakthivel and RenI (|2012l ). ISakthivel et al.l (|201ll ). lYanI ( 
lowing notions and lemmas. 

Let Ua{u{0); fi) be the state value of ([IJ-dl]) at terminal time a, corresponding to the control 
fi and the nonlocal value n(0). For every uq,vo G H, we introduce the set 

1 /■* h[u{s)] 



D\{a, u{0)) := <Ua{uo + vo + 



ds;f,]iO):fi{-)eL\j,U) 



T{l-a)Jo {t- 

which is called the reachable set associated with ([I])-© at terminal time a. Its closure in H is 
denoted by fH(a,n(0)). 

Definition 2.6: The system ([l|)-([2]) is said to be approximately controllable on J if 
fH(a, n(0)) = H, that is, given an arbitrary e > 0, it is possible to steer in time a the sys- 
tem from point u(0) to all points in the state space H within a distance e. 

Consider the following linear nonlocal fractional multi-delay control system: 

^'Dfu{t) + Auit) = BifMiaiit)) + ■■■ + 5,/x(a,(t)), (4) 
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'^Dl-"[u{0)-uo] = h[u{t)]. (5) 

The approximate controllability for the linear fractional nonlocal multi-delay control system (j3])- 
(0) is a natural generalization of the notion of approximate controllability of a linear first-order 
control system (a = 1, (7j(t) = t, j = 1 and h = 0). It is convenient at this point to introduce 
the multi-delay controllability operator associated with ([I])-©. One has 

rg = /V - sr-^T^a - s)BjB*T*{a - s)ds, j = l,...,q, 
Jo 

where B* denotes the adjoint of Bj and T*{t) is the adjoint of Ta(t). We introduce here the new 
operator Tq ^ = Fq ^^ ^ of multi-delay controllability associated with dH)-® as 

rg, := /"(a - sr~^T^{a - s)[B^Bl + ■■■ + B,_iS*_i + B,B;]T*{a - s)ds. 
Jo 

It is straightforwa rd to see that F" is a l ii iear b ounded positive operator. The following 
lemma is proved in iBashirov and Mahmudovl ( 19991) for linear pos itive oper a.tors in Hilbert 



spaces , while a Banach space ve rsion is given in iMahmudovi ( 20031 ). See also ISakthivel et al. 
(J201lh . ISakthivel and EenI (|2012l ). 



Lemma 2.7: Let TZ{(5,Tq^) = {fil + Tq^) ^ for /3 > 0. The linear fractional control system 
([4])-([5|) is approximately controllable on J if and only if (3TZ{(3,Tq ^) —^ as 13 ^ 0^ in the 
strong operator topology. 

In the sequel we use Schauder's fi xed point theorem that can b e found in any standard textbook 



of Fu nctional Analysis (see, e.g., (iGranas and Dugundjill2003l . Theorem 3.2, p. 119) or ([Smart 



1974 Theorem 4.1.1, p. 25)): 



Lemma 2.8: If 0, is a closed bounded and convex subset of a Banach space X and tp : Q ^ 0, 
is completely continuous, then tp has a fixed point in i7. 



3 Main results 

We now formulate and establish our results on the approximate controllability of the nonlocal 
delay system ([I])-(l2]). With this purpose, firstly we prove the existence of solutions for the 
fractional control system ([I])-(l2]) by using Schauder's fixed point theorem (Lemma 12. 8[) . Then, 
we show that under certain assumptions, the approximate controllability of the fractional system 
((l])^© is implied by the approximate controllability of the corresponding linear system (|4|)-([5]). 
Before starting, we make the following hypotheses: 

(Hi) The semigroup Q{t) is a compact operator for t > 0. 

(H2) For each t (^ J, the function F{t, •) : Si x ■■■ x Sp —^ H is continuous and for each 

Ws E C[{J', Si) X • • • X (J', Sp); H], in particular, for every element u G CiiSi, i = 1, . . . ,p, 

the function F{-, Ws) : J — > -ff is strongly measurable. 
(H3) There exist functions m^ G L^ (J' ,R+) such that \F(t,Wsit))\ < mi{5i{t)) -\ h 

mp{6p(t)) for all u G PljS'j, < a < 1, i = 1, . . . ,p, and almost all t G J'. 
(H4) The function h : C{J : H) -^ H is bounded in H, that is, there exists a constant ki > 

such that ||/i(u)||h < ki. 
(H5) The delay arguments 6i,aj : J ^ J' are absolutely continuous and satisfy |5j(i)| < t and 

|(Tj (t) I < t, for every tGJ, i = l,...,r and j = 1, . . . ,s. 
(Hg) The function F : J x H^ -^ H is continuous and uniformly bounded and there exist 

Ns„. ..,Ns^>0 such that \\F{t,Ws{t))\\ < Ns, + ■ ■ ■ + Ng^ for ah (t, W5) £ J x RP. 
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For the proof of our Theorem 13.21 we make use of Lemma 13.11 whose proof can be found in 
Zhou and Jiaol (l2010bl ^. 



Lemma 3.1: If the assumption (Hi) is satisfied, then Soi{t) and Ta{t) are also compact oper- 
ators for every t > 0. 

Theorem 3.2 : // the hypotheses (Hi)-(H^) are satisfied, then the fractional nonlocal semilin- 
ear delay control system ([I])-([2]) has a mild solution on J; here Mi = \\mi\\ ^_ , i = 1, . . . ,p, 

and Mb^ = \\Bj\\, j = 1,... ,q. 
Proof Consider the set 



Sr:=\ue C{J, H)\u{0) =uo + vo + 



r(l-a) 



h[u{s)]{t-s)~°'ds,\\u\\ <r} , 



where r is a positive constant. For /3 > 0, we define the operator ?/;^ on C{J,X) as follows: 
{il)pu){t) := z{t) with 



z{t) := S^{t)u{{)) + {t- sT-^T^{t - s)[F{s, Ws{s)) + Biv{ai{s)) + • • • + Bgv{ag{s))]ds, 

JO 

viaii-)) := Bt, ..., v{ag-i{-)) := B;_„ v{ag{t)) := B;T*{a - t)n{f3, Pg, Jp(n(.)), and 

p{u{-)) := Ua - Sa,{a)u{0) - f {a- s^-^T^ia - s)F{s, Wsis))ds. 

Jo 

In order to show that for all /3 > the operator ^^ from C{J,H) into itself has a fixed point, 
we divide the proof into several steps. Step 1. For /3 > 0, there is a positive constant rg = r{j3) 
such that V'/3 : Sr^ — )• S^,,. For any positive constant r and u ^ Sr, and since Ws(t) is continuous 
in t, according to assumption (H2) F{t, Ws{t)) is a measurable function on J as well as function 
{t — s)°~^ G L~ {,]'). Using (1) of Lemma 12.51 (H3) and Holder's inequality, we get: 

\\z{t)\\ < M\\um\ + tJ^ [\t - sr-'\\F{s, Wsis)) + Biviaiis)) + ■■■ + B.via.isMds 
r(l + a) Jq 



< M 



Foil + Foil + 



kia 



l~a 



r(2-a)_ 



+ 



aMa^a 



a„2a-l 



r(l + a)(2a-l)" 



Ml + • • • + Mp + M|^ + • • • + M|^_^ + Mb^ \\v{ag 



and 



\via,m\ = ^Mb^M 



|Ua||+M||u(0)|| + 



aMa'^a^''-^ (Mi + • • • + Mp) 
r(l + a)(2a-l)" 



We deduce that for large enough r^ > 0, the inequality ||(V'/3w)(i)|| < tq holds, i.e., (tppu) € Sr^- 
Therefore, ^^ maps Sr^ into itself. Step 2. For each < a < 1, the operator ■(/;/3 maps Sr^ into a 
relatively compact subset of Sr^ ■ Based on the infinite-dimensional version of the Ascoli-Arzela 
theorem, we show that: (i) the set V{t) := {{^p(su){t) : u{-) € Sr^} is relatively compact in H for 
any t G J; (ii) the family of functions {{tpi3u),u € Sj-g} is relatively compact (for this, it suffices 
to prove that V{t) is bounded and equicontinuous). We begin by proving (i). Let i be a fixed 
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real number, and let r be a given real number satisfying < r < t. For any r] > 0, define 



i^p^'^'um = / UO)Q{t''e) 



V 



U0 + V0 + 



1 



r(l-a) 



t-T 



{t - syh{uis))ds 







de 



f't — T f'OO 

+ a / {t-s)'^-^eQa{e)Q{{t-s)'^e)F{s,Ws{s))deds 

Jo J-q 

ft — T rco 

+ a I I {t-s)'^^^eCa{0)Q{{t-s)'^e)V^{s)deds 



Ji] 



Qir^v) / Ca(^)Qr^-T"7?) 



U0 + V0 + 



1 



r(i - a) Jo 



t-T 



{t - syh{u{s))ds 



de 



f't — T f'OO 

+ Q{T''r])a / {t-s)''~^eC^{e)Q{{t-sre-T''rj)F{s,Wsis))deds 

Jo Jq 

rt — T roo 

+ Q{T^j])a / {t-sT-^eQ^{e)Q{{t-sTe-T''7^)v„{s)deds 

Jo Ji] 



■.= QiT^v)yit,r). 

Because Qir^r]) is compact and y{t,T) is bounded on Sr„, {{ipV'^u)(t) : u{-) G Sr^} is a relatively 
compact set in H. On the other hand, 



||(#n)(t)-(^^'M(t)|| 

''\a{e)Qiee) 



1 /•* _ 

uo + vo + TTT. V / (*-s) "h{u{s))ds 

r(l - a) Jo 



d6 



+ / U0)Qit''9) 



U0 + V0 + 



1 



r(i - a) 7i_, 



{t-sy"h{u{s))ds 



de 



+ a 



t rr, 



{t - s)'^''ec^{e)Q{{t - sTd)[F{s,Ws{s)) + v„{s)]deds 



JO 

t POO 



+ I I {t - sr-'eUe)Q{{t - sr0)[F{s,Ws{s)) + V^{s)]d9ds 

It-T Jri 



< M 



Foil + Iboll + 



kia 



l-a 



r(2 - a) 



V 



UO)de + 



Foil + IfdII + 



kiT 



l-Q 



r(2 - a) 



+ 



aMa'^a 



.ci„2a-l 



r(l + a)(2a 



JMi + . . . + Mp + M|^ + • • • + Ml^_^ 



+ -^MlM 



+ 



Ua||+M||u(0)|| + 



aMa"a^°-i(Mi + --- + Mp 



r(l + a)(2a 



r(l + a)(2a-l)° 
JMi + . . • + Mp + M|^ + • • • + M\_^ 



9Ca{e)de 






|uJ| + M|k(0)|| + 



aMa"a2°-i(Mi + ■ ■ ■ + Mp 
r(l + a)(2a-l)° 



This implies that there are relatively compact sets arbitrarily close to V{t) for each t G (0,a]. 
Hence, V{t), t G (0, a], is relatively compact in H. We now prove (ii). First we show that 
V{t) := {(^^u)(-) : u{-) G Sr„} is an equicontinuous family of functions on [0, a]. For any u G Srg 
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and < ti < t2 < a, 



\zit2) - zih)\\ < 



Sa{t2)[uo + Vo + 



r(i - a) 7,^ 



(t2 - s)-'^hiu{s))ds] 



+ 



+ 



+ 



+ 



+ 



Sait2)[u0 + Vo + 



1 



r(i - a) J, 



[Sait2) - Saitl)][uo + Vq + 



[(t2 - S)-^ - ih - sr^]h{uis))ds] 



{h - syh{u{s))ds] 



r(l-a) 



{t2 - s)"-'T„(t2 - s) [F{s, Ws{s)) + Biv{ai{s)) + ■■■ + Bgv{ag{s))] ds 



[{t2 - sT-' - (ti - sr-']T^{t2 - s) [F{s, Ws{s)) + Biv{ai{s)) + ■■■ + Bgv{ag{s))] ds 
/ (ti - sr-\T^{t2 -s)- Taih - s)] [F{s, Ws{s)) + Biv{ai{s)) + ■■■ + Bgv{aq{s))] ds 

JO 



<h+l2 + h + It + l2+Il- 



We have 



h<M I lluoll + ||vo|| + 
I2<m\ \\uq\\ + \\vq\\ + 



r(2 - a) 



h<2M { \\uq\\ + ||vo|| + 



r(2 - a) 



r(2 -a)]' 



Using Holder's inequality and assumption (H3), one gets 



2a-l 



aMa"(t2 -ti) 
^ - r(l + a)(2Q-l)" 

aMa"(t2 -ti) 
r(l + a)(2a-l) 



n < 



T* < 
-'2 ^ 



2a-l 



Ml + • • • + Mp + M|^ + • • • + Ml^_^ + Mb^ \\v{(Tq 



Ml + • • • + Mp + M|^ + • • • + M|^_^ + Mb^ ||t;(CT,) 



Obviously, I3 = for ti = and {) <t2 < a. For ti > and e > small enough, we obtain 



ti-e 



II < (ti - s)"-^||r„(t2 - s) - TUh - s) 

/o 



X [\\Fis, Wsis))\\ + ||Si7;((7i(s))|| + • • • + \\Bgviag{s))\\]ds 
+ ih- sr-^\\TUt2 -s)- Taih - s)\\ 

Jti-e 

X [\\F{s,Ws{sm + \\Biv{ai{s))\\ + ■ ■ ■ + \\Bgv{a,{sm]ds 
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2C.-1 ,_ , 



< 



a"[ti 



T{l + a){2a-iy 

X sup \\Ta:{t2- 
se[0,ti-e] 

+ 



r(l + a)(2a-l) 



Ml + • • • + Mp + M|^ + • • • + M|^_^ + Mb^ \\v{ag) 

- S) - Taih - S)\\ 

Ml + • • • + Mp + M|^ + • • • + M|^_^ + MBj\v{ag) 



Note that /i , /2 , -^3 , -^i , -^1 ^ ^^ ^2 — ii — > 0. Moreover, the assumption (Hi) together with 
Lemma 13.11 imply the continuity of Ta{t) in t in the uniform operator topology. It is easy to 
verify that I^ tends to zero independently of u € Sr^ as t2 — ^i — > 0, e — >■ 0. Consequently, 
Ii + I2 + I3 + Ii + I2 + I3 does not depend on the particular choices of «(•) and tends to zero 
as t2 — ti — > 0, which means that {('(/'/3^i),'u S Sr,,} is equicontinuous. Therefore, V'/si'S'ro] is 
equicontinuous and also bounded. By the Ascoli-Arzela theorem, V'/si'S'ro] is relatively compact 
in C{J, H). On the other hand, it is easy to see that for all f3 > 0, ip^ is continuous on C{J, H). 
Hence, for all /3 > 0, ^^3 is a completely continuous operator on C{J^ H). According to Schauder's 
fixed point theorem (Lemma 12. Sp . V/3 has a fixed point. Thus, the fractional nonlocal control 
system ([I])-(l2]) has a mild solution on J. D 

Theorem 3.3: Assume that (Hi)-(Hq) are satisfied and the linear system (j4])-(l5]) is ap- 
proximately controllable on J. Then the semilinear fractional nonlocal delay system ([I])-(l2]) is 
approximately controllable on J. 

Proof Let Ui3{-) be a fixed point of ^^ in 5"^. By Theorem 13.21 any fixed point of ^^ is a mild 
solution of ([I])-© under the multi-delay controls 



'A/3('7l(-)) 



B*, 



B* 



A/3(^g-l(-)) ---g-l> 

[ (ip{cj,{t)) = B;T*ia - t)7^(/3,^S,Jp(^^ 



and satisfies 



From condition (Hg), it follows that 

\\F{s, Wfs{6(s))fds < a[N5, + ■ ■ ■ + Ng^ 



(6) 



where W/3((5) = {Aiup{5i), . . . ,ApUi3{5p)). Consequently, the sequence {F{t,Wi3{5(t))}ti=j is 
bounded in L2{J,H). Then there is a subsequence, denoted by {Ffc(t, Ty^((5(t))}tgj, that con- 
verges weakly to a function f(t) in L2{J,H). Define 



UJ := Ua — Saia)u{0) 



(a 



\a-l 



Ta{a- s)f{s)ds. 



It follows that 



l|p(^/3) 



■ o; 



< sup 

teJ 



(a - s)"-^r,(a - s)[Fk{t, Wp{5{t)) - f{s)]ds 



it - sr-'T^{a - s)[Fk{t, Wp{5{t)) - f{s)]ds 



(7) 
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Similarly as in the proof of Theorem 13.21 using the infinite-dimensional version of the Ascoli- 
Arzela theorem one can show that the operator /(•) — > Jp(- — s)Ta{- — s)l{s)ds : L2{J, H) — > 
C{J, H) is compact. Consequently, the right-hand side of the inequality ([7]) tends to zero as 
/3 — )• O"*". Then, from ([6|), we obtain that 



In^(a) -^„|| = ||/37^(/3,^S,J(a;)|| + ||/37^(/3,^g,J||||p(n;3) - a.| 
<||/37^(/3,^S^J(a;)|| + |lp(%)-a;||^0. 



(8) 



Using the inequality d?]) and Lemma |2.7|, we conclude that ([8|) tends to zero as /3 — )• 0^. Hence, 
system ([I|)-(l2|) is approximately controllable on J . D 



4 An example 

Consider the fractional nonlocal partial multi-delay control system 

^!^ +«(^)^!^ = Ht,Dlu{x,6,{t))) + B'^^,{x,aS)) (9) 

subject to 

^(x, 0) = g{x) + f; — ^ r ;^"^' ''\^ ds,, xG[0,vr], (10) 



k-- 



u{o,t) = u{'K,t) = 0, t e J, (11) 

where 0<a<l,0<ti<---<im<Oi^is given as F, and the function a{x) is continuous. 
Let us take the operators D^ and B'^ as follows: 

D^u{x,5p{t)) = {dxu{x,smt), d'^u{x, sin t/ 2), ... ,d^u{x, sin t/p)), 
B'^fj.{x,aq{t)) = ^(x,sint) + ^(x,sint/2) + • • • + ^(x,sint/g), 

such that the control function is fi{t) = (,{-,t), where .^ : [0,7r] x J ^ [0,vr] is continuous, the 
multi-delays 5r{t) = cr^(t) = sin(t/r), t = 1, . . ., rj, 7] = max(j», q), and the nonlocal function is 
given by h{u{-,t)) = XlfcLi CA:ii(-, t^)- Assume that 

H = L2[0,7r], Sr = {ye L^[0,7t] : \\y\\ < r}. 

We define A : H —^ H hy {Aw){x) = a{x)w" with the domain 

D{A) = {w & H : w,w' are absolutely continuous, w" G H,w{0) = w^tt) = 0}, 

dense in the Hilbert space H. Then, 

oo 

Aw = y^n {w,Wn)Wn, w G D{A)^ 

n=l 

where (•, •) is the inner product in L^[0, vr] and Wn{t) = \ - sinnt", < a < 1, i G J, n = 1, 2, . . ., 
is the orthogonal set of eigenvectors in A. It is well known that A generates a compact, analytic 
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and self-adjoint semigroup {Q(t), t > 0} in H. For all i > and w (z H, 

oo 

Qit)w = Y^ e-"'*° {w, Wn)wn, \\Q{t) \\ < e"*. (12) 

n=l 

Therefore, the problem (|U|)- (|11|) is a formulation of the control system dl])-©. Moreover, all 
the assumptions (Hi)-(H6) hold. Then, the associated linear system of ([U|)- (fTT]) is not exactly 
controllable but it is approximately controllable. Indeed, since the semigroup Q{t) given by P^ 
is compact, then the controllability operator is also compact and hence the induced inverse does 
not exist because the state space is infinite dimensional. Thus, the concept of exact controllability 
is too strong. On the other hand, we have A7^(A,rg J ^ as A — ?> 0"*", i = 1,2, in the strong 
operator topology, which is a necessary and sufficient condition for the linear system to be 
approximately controllable. Hence, by Theorems 13.21 and 13.31 the control system ([9])- (|lip is 
approximately controllable on J. 
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